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Abstract. We prove Gopakumar-Vafa conjecture for local toric Calabi- 
Yau manifolds. It is also proved that the local Goparkumar-Vafa invari- 
ants of a given class at large genus vanish. 



1. Introduction 

Let X be a Calabi-Yau threefold. Ki>(X) is defined as the genus g, 
marked point Gromov-Witten invariant of X in the curve class £ £ 
H2(X,'Z). From M-theory, Gopakumar and Vafa [Jj express the invariants 
Ky,(X) in terms of integer invariants N^(X) obtained by BPS state counts . 
In the physics literature, these invariants should be the Euler characteristics 
of moduli space of D-brane. Unfortunately, this moduli space has not been 
defined so far in mathematics. We will take the following Gopakumar-Vafa 
formula as the definition of Gopakumar-Vafa invariant N^(X). 



(1) £ £ KUX)t^e^ = E E E )) 29 -^ 

2^0 9>0 E^0n>lg>0 

One can recursively obtain Gopakumar-Vafa invariants from Gromov-Witten 
invariants through the above formula and vice versa. It's not hard to see 
that Gopakumar-Vafa invariants are rational number from the expression. 
The following Gopakumar-Vafa conjecture captures our intensive interests. 

Conjecture 1.1. (Gopakumar-Vafa) VS G H 2 {X,Z) and g > 0, JV| 6 
Z. 

From (^Q), there is no reason (at least mathematically) that these -/V^'s 
should be integers. 

In general, in order to obtain Gopakumar-Vafa invariants from Gromov- 
Witten invariants, one has to get a way to compute the corresponding topo- 
logical string amplitudes. For lower genus, one may use mirror symmetry 
or localization method. However, if one goes to higher genus, the calcu- 
lation become more and more complicated. Neither of these two methods 
is very practical. This situation has changed since a beautiful discovery 
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of the duality between Chern-Simons theory and Gromov-Witten theory 
[Sj . Chern-Simons theory provides a very efficient way to compute all genus 
amplitudes for toric Calabi-Yau manifolds. 

Recently, in 12 J. Li, C.-C. Liu, K. Liu and J. Zhou build the mathemat- 
ical foundation of topological vertex theory, which allows us to rigorously 
write down all genus amplitudes for any toric Calabi-Yau manifold directly 
from its toric diagram. Thus it may provide us a new way to approach 
Gopakumar-Vafa conjecture. For physics literature about topological ver- 
tex, one may refer pQ. 

In this paper, we consider the local toric Calabi-Yau geometry, which is 
the geometry of Fano surfaces within Calabi-Yau threefold. The correspond- 
ing all genus A-model amplitudes obtained from its relation to Chern-Simons 
amplitudes can be organized in a simple way. In local Calabi-Yau, a tubu- 
lar neighborhood of the Fano surface is equivalent to the total space of the 
canonical bundle. Note that local Calabi-Yau manifolds are noncompact. 

Let S be a nonsingular, projective, toric, Fano surface and denote by 
Ks its canonical bundle. The Gromov-Witten theory of local Calabi-Yau 
geometry of S is defined by excess integral. Let M g (S, E) denote the moduli 
space of stable maps from connected genus g curves with marked point 
to S representing the class E G H2(S,Z). The local (£,#) Gromov-Witten 
invariant of S is defined by 

K§,(S) = [_ e(R\*ev*Kg) 

J[M g {S,T,)] vir 

Where ir : U — ► M g (S,T,) is the universal curve, ev : M g (S, E) — ► S is 
the evaluation map. We still take the formula (^Q) as the definition of lo- 
cal Gopakumar-Vafa invariant N^(S) while we use the corresponding local 
Gromov-Witten invariant K^(S) instead. 

However, the invariant N^(S) we mention later as local Gopakumar-Vafa 
invariant defers slightly from the above. The relation between N%,(S) and 

JVg(S) is Nl(S) = (-l^iVf (£). We call them both local Gopakumar- 
Vafa invariants. 

In this paper, we proved that for any local toric Calabi-Yau manifold, the 
Gopakumar-Vafa conjecture is true. More precisely, given any E as above, 
we have: 

Theorem 5.2 p| 5) (x) = J2 g >o N^(S) X 9 e Z[x]. 

Before beginning the proof we may note that, from our result, Gopakumar- 
Vafa invariants vanish at large genera. This is an very interesting phenome- 
non which is pointed out in [7j. After our calculations on Hirzebruch surfaces 
and P 2 , we find that the degree of Ps is actually the arithmetic genus As 
of the curve with the degree E. Moreover, = x(L(E)), where £(E) is 
the holomorphic line bundle associated to the devisor E. All these seems to 
imply that Gopakumar-Vafa invariants should be related to the embedding 
curves. 
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Our proof of Theorem 5.2 contains two parts. First, we extract Gopakumar- 
Vafa invariants by proving a generalized Mobius inversion formula (Theo- 
rem |^^). Thus we obtain an explicit formula for i-^(x), while r.h.s of the 
formula merely contains the Chern-Simons invariants of Hopf links. The 
standard calculation of Schur function then leads to the following property: 
P s (x) = \h(x), where c G N, h(x) G L[x] [L[x] is defined by ifHSjl). Here 
comes a crucial observation: Pt,(x) is a polynomial. In the second part, 
we show a pattern theorem (Theorem 15. Theorem 15. II asserts if Pe(x) 
satisfies some conditions which exactly fits our situation, then Pe(x) G 7L\x\. 
We prove Theorem I5.1l bv deliberately pairing the data when multiple cov- 
ering happens. This pairing shows c = 1, which is equivalent to Ps G Jl[x]. 
Pj](x) G 7*[x] then follows from the structure of &[x]. 

In our proof, the pattern theorem (Theorem I5.1j) doesn't depend on the 
concrete expression of all genus amplitudes of local toric Calabi-Yau mani- 
folds. The technique we develop here may extend to general toric Calabi-Yau 
using the topological vertex theory. Now this work is in its preparation. 

It is worth mentioning that a new idea of understanding Gopakumar- 
Vafa conjecture ^3] comes out recently. They regard topological string 
amplitudes as equivariant indices and translate Gopakumar-Vafa conjecture 
into a formula of an infinite product, where the integrality naturally follows. 

The rest of this paper is organized as follows. We fix some notations on 
partition in section 2. Then we prove some results on symmetric functions 
and Chern-Simons invariants of the Hopf link in section 3. In section 4, we 
give an explicit formula for Gopakumar-Vafa invariants. Our main result is 
proved in section 5. Some examples are discussed in section 6. 

Acknowledgements. / would like to thank my advisor, Professor Ke- 
feng Liu, for his constant encouragement and a lot of inspiring discussions. 
I am very grateful to Xiaowei Wang for his many helpful comments and 
friendship. I also would like to thank Professor Jian Zhou for pointing out 
some misleading parts and some mistakes. At last, I want to thank Profes- 
sor Amer Iqbal for his explaining me the physical reason of the vanishing 
property of Gopakumar- Vafa invariants at large genera. 



Ai > A 2 > • • • > A r > • • • 
and containing only finitely many non-zero terms. The degree of A is defined 



2. Preliminaries 



2.1. Partitions. A partition is a sequence of non-negative integers 




such that 



by 



|A| = Ai + A 2 H 
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If |A| = d, we denote it by A h cL The length of A is defined by l(X) := 
Card{j : Xj ^ 0}. The number rrtj(A) = Card{j : Aj = i} is called the multi- 
plicity of i in A. We may rewrite a partition A as (l m i( A )2 m 2(A) • • • n m ^( x ) . . . ). 
One can identify a partition with its Young diagram or {(i, j) G : j < Aj}. 
We will freely refer them when needed as long as without any confusion. By 
transposing the Young diagram of A, one gets the corresponding partition 
A*. Vx = G A, let 

c(x)=j-i, h(x) = Xi + A*- - i - j + 1, n(A) = - l)Xj. 

i 

For a partition A, it's easy to see that |ylutA| = n«>i m iW ] -- Define the 
following constants associated to the partition A: 

_ /(A)! /(A)! 

z x = \AutX\ ■ Yl Xi 
»>l 

k * = x ^ Xi - 2i + x ) 

i 

_ (-i)i(A)-i(f( A )-i)! 
A | Ant A | 

and let U( ) = #(o) = z (o) = 1- Note that k\ = —k x t and k\ is even. 

Lemma 2.1. 2^ eA fr(x) - ^ = 2n(A) + |A|. 
Proof. 

kx = J2Xi{Xi-2i + l) 

i 

= 2j2^f^~ 2^X^-1) 

i i 

= 2(n(A*) -n(A)) 
Follow (^Hl page 11), one has 

^/i(x) = n(A)+n(A*) + |A| 

x&X 

Then direct calculation leads to the proof. □ 

2.2. Infinite series and partition. Given a sequence x = (xi, X2, •• • ,x n ,---), 
let jx| = J2i>i x i- For a partition A, define xa = n«>i x Mi %(q) = 1- 

Lemma 2.2. Let /(t) = X^n>o a "^ n ' x ^ s as a ^ ove - Then 

|A|>0 
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Proof. Note that \x\ d = Yli(\)=d x ^ u >>- The proof then follows from a simple 
calculation. □ 

Apply the above lemma to exp(x) and log(x), we have 
Corollary 2.1. 

b x x^ 

K n>l I \\\>\ 



(2) «P|E^| = 1+ £|A«tA| 



(3) log l + ^6„/ = ^t A A 

\ / |A[>1 

3. Symmetric functions 

3.1. Basis. Let x = (x±, X2, ■ ") be a sequence, A a partition. Denote by 
Per (A) = { 5: 5 is a permutation of A }. Follow the traditional notations: 

m x = ^2 x ^ Pn = m^ n) , h n = ^2m\ 

SePer(X) Ahn 

Let p A = WiP\ v Similarly define h x . Schur function S x = det(/i Al -i+j)i<ij</(A)- 
It's easy to see that 



H(x, t) = J2 h r t r = J|(l - Xity 1 



r>0 



3.2. Chern-Simons invariants of the Hopf link W A ^(g). Define: 

w aW =^ n |A -",lT'' nri 1 



[j-i] 1111 \ v — i + /(A)] 

l<i<j<d y 1 i=l v=l 1 v /J 

and 

w AM (9) = w A (g)^( g Ai -l, 9 A2 -f,-- - ,(? A "- n+ i---). 

W A ((7) can be simplified as 

■w A (?) = ^ II TrrTi = ^(g-^, • • • , <r n+ ^ , • • • ) 



where [mj = q 2 — q~ 2 ■ Hence 

(4) W v (g) = <?-^5 A (g Q )^(g A+ ") 
where q a = (1, g^ 1 , g~ 2 , • • • )• It is proved in ^Hj that 

(5) W AV (g) = (-l)l A l+Hw A ,(i) 
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Follow (PH page 27) 



H(q a ,t) = Y[(l-q- i+1 t)-' 



i=l 
oo r 

, r(r + l) 

where 4> r (q) = ni=i(l ~~ <f)- Then correspondingly 

x r(r + l) 

<Pr(-)q 2 

(6) MO = 

Using the results of H(q a ,t), we can calculate H(q x+a ,t) in the following 
way: 



H(q X+a ,t) = - q X '- i+1 t) 



i=l 

n 1 _ g i-, +1 > ("°.«) 

/(A) 



-(r+1) 



Observe that one can expand (1 — g Ai_l+1 t) _1 and get the coefficient of P , 
which is an element of Z[q, q ]. After collecting the t r terms in the above 
formula, we have 



A+ax _ P(o) 



(T) M« ,- uu&2 

Here p(q) G lj[q,q~ l \. Recall S\ = det(/i^ i _j + j) 1 <j j<i(\)- From Lemma I^TSl 
we know [n] 2 is a polynomial of [l] 2 with integer coefficients. Combine (jHJ) 
and (JTJ), we obtain: 

Lemma 3.1. S\(q a ), S^(q x+a ) are of form jnroj) where a(q) G Z[q, q~^\, 
b(x) G Z[x] and is monic. 

Let IP denote the space of all partitions. Define 
W i?,7 = VvWW^W^a • •• W^-!^ (-1)^=1 7*|K\|Ef=i 
where ~R = (R l ,R 2 , ■ ■ ■ ,R N ) G ? N and 7 = (71,72,- ■■ ,j N ) G Z^. Denote 
by Pll = E^il^l and 5 = ((i? 1 )*,^ 2 )*,--- Let i? Ar+1 = R\ 
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we rewrite W-^ as 

N N+l 

(8) W %7 = q-Zli\K i \]Js Ri ( q °')l[S Ri ( q Ri - 1 +'*) 

i=l i=2 

Notice that k\ is even for any partition A, from Q and lemma mi we have 

Corollary 3.1. W-g is of form > where a(q) £ Z[g, g -1 ], € Z[x] 

anc? is monic. 

Lemma 3.2. W- (g) = *W- (7-). 

Proof. Before proving the lemma, let's look at the following statement first. 

Lemma 3.3. f{q) G Zfog" 1 ], /(g) = /(g" 1 ). Then f G Z[s], w/iere 
x= [l] 2 . 

Proof, /(g) = /(g _1 ),and/ G Z[g, g -1 ]. / has to be of the form ^^ =0 a n (g n + 
g~ n ) for some 2V. It's sufficient to show Vn, g n + q~ n G Z[z]. 

ra = 1, g 1 + g _1 = x + 2. n = k. If k odd, g n + g _n = (g + Q ,_1 )((J ,fc_1 + 
g^-2_(_. . . _|_g-(n-l)). ^ even, q n + q~ n = (gi + g^) 2 — 2. So by induction, 
the proof is completed. □ 

From lemma 13.31 and corollary 13.11 the proof of lemma 13.21 follows easily 
from the formula (JjJ). □ 



4. Local Gopakumar-Vafa invariants 

4.1. A generalized Mobius inversion formula. Let /u(n) be the Mobius 
function. That is: 

a( n ) = l ( _1 ) r ' n = V\ -P2---Pr and Pi^pj, if i + j; 
1 0, otherwise. 

Lemma 4.1. £) fc | n /i(fc) = fan 

Proof, n = 1, trivial. If n > 1, say n = Y[i=iPT> P^ s are distinct and t\ > 0. 
Then we have 



fcld i=0 ^ ' 



□ 



Let £ = (fci, &2, • " i &n) £ ^>o- Denote by n|£ if n|fcj, VI < i < n. For 
any r G Q, let r£ = (r • ki, r ■ k2, ■ ■ ■ , r ■ k n ) G Q n . 
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Theorem 4.1. Let f , g be two functions defined on Z™ x Z>o- a is a 
function on Z + such that a(n)a(m) = a(nm). If 

(9) ^2a(n)f(—,nm)=g(T l ,m) 

ZioWs /or any E € Z> , m G Z>o- T/ien we have 

(10) /(E, m) = E n{n)a(n)g( — ,nm). 

Proof. If a = 0, it's trivial. Otherwise, a(n)a(m) = a{nm) implies a(l) = 1. 
Note that given g(T,,m)'s, the solution of /(E,m) in Q is unique. Hence 
it's sufficient to show (fTU|) is a solution of jUJ). 

^a(n)/(-,nm) = ^a(n)^fi(fc)a(%(-,bm) 

In 

= a{n)a(k)n{k)g{— , knm) 
kn\d 

= ff(E, m) + E E a{nk)n{k)g(—,knm) 

p>l kn=p 

= g(^,m) + ^2a(p)g( — ,pm)^2fj,(k) 

p>l ^ k\p 

= 5(E,m) 

Where in the last step, we've used Lemma 14. II The proof is completed. □ 

4.2. Explicit formula for local Gopakumar-Vafa invariants. Given a 
nonsingular, projective, toric, Fano Surface S, the topological string ampli- 
tudes for the local toric Calabi-Yau manifold Kg (^112100) is: 

R 1 ,/? 2 , -- ,R N 

N 

xg 2£.=i fc fi^> exp{- y^JilR^} 



E w i7 ex P (-E^ii?i) 

R2 ... DAM V *=1 / 



R^R 1 ^ 2 ,- ,R N ) 

Where 73 is the self-intersection numbers of the rational curves associated 
to the i-th edge, ij's are linear combinations of Kahler parameters. In our 
calculation, 7 is fixed. We may omit 7 and write W— instead of . 

if, ii,7 
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? — = E EE^'- E 

SeH 2 (S , ,Z), S^O n=lj=0 

1 00 

E ^E^E^IN 2 ^ 2 

seH 2 (5,z), s^o 



n 



Where iV^'s are the local Gopakumar-Vafa invariants. 

Fix a basis in H2(X,Z), one can identify H^X^Z) = Z m . We only 
consider E = (ki,k2,-" ,km) £ ^>o- Denote by |E| = X^Li fcj, ^s(^) = 
S^=o Nj.x 9 " 1 . Let w = (wi , W2 , • • • ,w m ) f . Here we write w as an m x 
1 matrix, E a 1 x m matrix. The relation between T = {t\,t2,--- , ijv)* 
and u; is T = A ■ uj, where A is an N x m matrix. Denote by \R\ = 



Then 



^closed 



log 



1+ E w 



\ 



V 



II-R||>1 

lo s 1 + E % 



E^A 



Where Vd = E m=d £3 a=s W « 6Xp 



Combine the above two formulas, 

E^(N 2 ) = E^(g)) s 



n|S Ah|£| 

Where (t]\}e is the coefficient of e _ajS in 77^. Let -Pe(s) = xPs(x) 
£ 5 >o N^x 9 . By Theorem 14.11 from the above formula we can derive 

(11) Pe([1] 2 ) = [1] 2 -E^tE^a(0| 



Ahi 



We fix the following notation in this paper 
a(x) 



(12) L[x] 



b{x) 



: a(x), b(x) £ 7*[x],b(x) 7^ and b(x) is monic 



Proposition 4.1. is a ring wi/i conventional addition and multiplica- 
tion. 



Proof. Trivial calculation. 



□ 
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By Corollary 13.11 Lemma 13.21 and Proposition 14.11 we have: 
Lemma 4.2. d G N, (%(<?))£ € £>[x]. 
Proposition 4.2. X is a partition, let I = l(X), then 

Ei+E 2 +-+S,=S 
T/ten fry i/te above lemma, {r]\(q))-£, G £[x] 

Proof. By direction calculation. □ 

5. The integrality of local Gopakumar-Vafa invariants 

5.1. Pattern theorem, r G Q, p is a prime number. Let r = p k ^, where 
m, n, k eZ, p{ mn. Define £ p (r) = fc. Define 

= : c(x), d(s) GZ[x] 

Definition 5.1. Va(x), 6(x) G 3? fx]. Let 

./(*) 



a(x) — b(x) = r 



where r £ Q, / and 5 are primitive polynomials in Z[x]. Let p be a prime 
number, k G Z. Denote by 

a(x) = 6(x) mod (p fc ) 

if £ p (r) > k; denote by 

a(x) 3 6(x) mod (-) 
P 

if £p(r) > 0. 

Remark 5.1. If a(x) 3 6(x) mod (-), 6(x) 3 c(x) mod (-). It's easy to 
see that a(x) 3 c(x) mod (|). 

Lemma 5.1. a, 6 G Z ; r G N, p is a prime number, f(x) G Z[x]. TTte 
following statements hold: 



(A) 



gcd(a,fe) 



a. 



(B) p r |(a pr -a pr )• 

(C) f(x) G Z[x], (/(x)r" = (/(xP)^" 1 mod (p r ) 

(D) g(x) G £[x], <?(x) p — g(x p ) p = p r • h{x), where h{x) G L[x\ 
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(B). If a is p, the claim is obviously true since p r ~ l > r. If gcd(a,p) = 1, 
by Fermat theorem, a p_1 = 1 mod (p). Then 

a pr -a pr ~ L = a pr ~\(kp+l) pr ~ 1( ?-V - 1) 

' p r-l 



i=l 



r—1 

p 



= mod (p r 

In the last step, we used (A) and the fact i > log(z). 

(C) . By (A) and (B), (f(x)) pr - U^Y" = (/(0)) pr - (/(O))^" 1 
mod (p r ) = mod (p r ). 

(D) . g(x) = where 6(x) is monic. 

9{x) 9[x } ~ bixybixvy- 1 

By (C): 

a{x) pT b^f^ 1 - a(x p ) pr ~ 1 b(x) pr 
= a(x p ) pr ' 1 b(x p ) pr ' 1 -a(x p ) pr ' 1 b(x) pr mod (p r ) 
= a(x p ) pr b(xf -a(x p ) pr ' 1 b(x) pr mod (p r ) 
= mod (p r ) 

(D) is then proved. □ 

With these preparation, we have the following pattern theorem: 
Theorem 5.1. /e(x), 9^\x), ip n (x) satisfy the following conditions: 

(1) h(x)eq[x}. 

(2) g^\x) G £>[x], yd. Let A = (Ai, • • • , \(\)) be a partition, define 

E 9^\x)--- 9 ^\x) 

Si+S2H hS;(A)=S 



(3) 4>k(x) 's are monic polynomials of degree k such that ip n p(x)—ipn(x) p = 
mod (p), where p is prime. 

(4) The following equation holds: 

h(x) = x .^2^ 1 E e ^ ) (Mx)) 

L — ' n L — ' — 

n 

Then, fc(x) G Z[x]. 

Proof. Denote by = G\9^\x). Before proceeding the proof, 

let's look at the following lemma. 
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Lemma 5.2. Notations are as above, then for any prime number p, we have 

H p z(x) - -Hvtypix)) 3 mod ( - j . 

p \pj 

Proof. By (A) in Lemma l5,l| 9\ is not an integer if and only if there exists 
k > 1 such that fc|rrtj(A), Vi. However, by condition (2), the terms in Hs are 
not in £j[x] will be when A = (A™ 1 • • • A^ fc ) and the corresponding term has to 

be iy^j^ 1 ) m ■ ■ ■ ((7^ A fc fc ' ) ) nfc , where m is some integer, / = gcd(m, ■ ■ ■ ,rtfe). 
Otherwise Z will be cancelled by the same term with permutations in Hy,- 
Obviously, for this term, rtiEi + • • • + re^E^ = S. Then £|£. So = 

+ F^j' where h ( x ), f^j G c l s - 

First, let's consider p > 2. Then j? is odd. We only consider 1/p factor in 
the terms of H p ^. The number of terms in H p -£ which contains factor 1/p is 
equal to that of H-%. We pair them in a way that the general term will be: 

(13) A 4 (-l^-^'^jc^Cs^ 

H 

r 

where a, b G Z and gcd(p, a) = 1 and 

c 



Ul) 3 _^(0(xf-0(xT r ") mod(-) 

p r ■ a \ / p 



p r as 



p , 'as 1 ,p r as 2 , ■ ■ ■ ,p r as k 

r— 1 

p as 

p'' _1 asi,p r_1 as 2 , • • • ,p r_1 asA; 

0(x) = (gg ^))" 1 -^^))"'' 

In l|14|). we have used Theorem I A. 11 ip p (x) = x p mod (p) and p r \p pT 1 . By 
(D) in lemma IS"T1 we have A 3 mod (-). 

If p = 2 and 2|E, similar to (|13|) . we still get the subtraction. Then we 
can still use (4) in lemma IS"T1 to prove A 3 mod (^). 

If p = 2 and 2 { S. Different from ()13|) . it will be the summation of 
the two terms. But we only have to show A 3 mod (i) with at most | 
appearing, which will be obtained by 2|(1 + 1). 

The lemma is proved. □ 

Now, we come back to the proof of the theorem. By the condition (4), 

We have /s(a?) = c-Ux) > wnere a ( :c )i £ Z[x], c|S and 6(x) is monic. 

To see c|E, we only notice that in the above formula, n|E and in the term 
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0\g^ (■0n( a; ))) if there is any term which is of form where 

h(x) G £>[x], follow the first paragraph of the proof of Lemma 15, 21 d\^. 
We will show G £>[x] by proving: Vp|S prime, fs(x) 3 mod (|). 



.7' 



n 

S, pfn n|E, p{n 

£ fiJ £ (^ n ( :E ))--^((Vn(^)) P ) > ) mod(-; 



n|E, pfn 

3 mod (-) 



Where in the third step, we used the condition (3) and nipn) = — /i(n); in 
the last step, lemma 1^21 is applied. 

Then fc(x) = jffi G G Q[x], so we can write / 2 (sc) = ^h(x), 

where n G N, G Z[x]. Assume n \ h(x), then n > 1. On the one hand, 

a(x) = —b(x)h(x). 
n 

Since n \ h(x), we have n\b(x). On the other hand, b(x) is monic, so b(x) 
is primitive, which is a contradiction. Then n\h(x) and fj](x) G Z[x]. The 
proof is completed. □ 

5.2. Main results. 

Theorem 5.2. P s (x) = ££L Nfx 9 G Z[x]. 
Proo/. By (JTTJ) 

^([i] 2 ) = [i] 2 E^tE^a(^)) s 

Let x = [l] 2 = (qz — q~i) 2 , ip n {x) = [n] 2 . First, we show Ps(x) satisfies (1) 
of the Theorem 15.11 Note that Pe(x) = where a(x),b(x) G Z[x]. In 

fact, b(x) = q k rj i (1 — (? is ) 2 is a finite product for some k and i s 's, which can 
be obtained from @ and (J7J). As a Laurent series in g for < |g| < 1, q = 
is a pole of ^jjy. If there are infinitely many g's such that 7V£ is nonzero for 
the fixed S, then g = is an essential singular point of Pe(x), which is a 
contradiction. So Pe(x) is a polynomial. iV^'s are rational numbers, which 
can be easily obtained from the definition. P%(x) G Q[x]. 
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Then by Proposition 14.21 one finds that our situation is exactly like the 
Theorem 15. II as long as we show the functions ipn s have the same properties 
as (3) in the Theorem 15. II 

By the definition of ip n , we only need to show ip p {x) — x p = mod (p). 



k=l 
p-1 



k=l 

equivalently. 

p-i 



E ( ? ) (-1) V" fc + i~ {n ~ k) ) + b] 2 + ( 2v v ) + 2 



w 2 = - E ( ? ) (-*) V-* + ?- (n - fc) ) + w 2p - ( p ) - 2 

By lemma l3~31 g n + g - ™ G Z[x], so [p] 2 € Z[x]. By (A) of the Lemma l5~Tl 

p\ iyk) w ^ en ^ — ^ — P ~~ ^' t^] 2p ^ as [I] 2 ~~ * implies as a polynomial 

of x, [p] 2 has as the constant term. Then ift p (x) — x p = [p] 2 — [l] 2p = 
mod (p). 

The proof is completed. □ 

Remark 5.2. Actually, if one wants, one can precisely calculate the degree of 
Pt,(x) using formula (| 1 If) and the following formula about Schur function. 

Sx{x ) = ^P P (x). 
\p\=\M Zp 

where xp 1S the character of representation p. 



6. Some examples 

We may leave the results of Hirzebruch surfaces and P 2 as the fol- 
lowing theorem. We use the same notation as those in the introduction: 

( ^\ — — 

P^ (x) = Yl g >o -^e(^) x5 ' wnere N^(S) is the local Gopakumar-Vafa in- 
variant of the given class S € H2{S, r L) for the Fano surface S. Let Aj^(S) 
be the arithmetic genus of the curve with the degree £ G H2(S,7*). L(S) 
denotes the holomorphic line bundle associated to the devisor E. 

Theorem 6.1. We /icwe 

(1) deg(Pp(x)) = A d (F 2 ) = \{d- l)(d-2). 

degCPgjCx)) = A (d , m) (F fc ) = (d - l)(m - 1 - f ), 
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(2) Moreover, 

iV^ (p2) (P 2 ) = (-l) d X (L(S)) 
(-l) d 

= L_i-(d +1)^ + 2), 
iV ( ^7 )(Ffc) (F fe ) = (-1)* X (L(S)) 

= (-l)*(d+l)( m + l- T ). 

Proof. We do computation for P 2 as an example. Let if G i?2(P 2 ,^) be the 
generator, it satisfies H ■ H = 1. So the topological string amplitudes will 
be 

xexpjtndi? 1 ! + |i? 2 | + |# 3 |)} 
We need to study the following term 
(15) WwW R 2 R sW R3R i (-l) d gi £<=i ^ 

under the condition jit! 1 ! + \R 2 \ + |i? 3 | = d. Now 

W AM = <T 2 5 A (g Q )5 M (g A+Q ) 
By (US] page 44 ex.1) 

We also have 

IH=M Zp 

Here we can see degree of q in Su{q a ) is not greater than [A| -\fi\ by writing 
down p p explicitly and equality holds when A = (k) for k = |A|. Hence the 
degree of g in ()15|) is no more than 

1 3 

li? 1 !!^ 2 ! + \r 2 \\r 3 \ + [p^WR 1 ] -d + -^k R z 
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while 

1 



i=i i=i 

3 



\R*\ • {\RJ\ - 1) 



i=i 

3 



i=i 

The last inequality is obtained from n(A*) < n{(m)) where m = |A|. This 
can be proved in the following way. Let I = 1{X). If one subtracts one from 
Xi and adds one to Ai, one will find n(A') is increasing. So we have the 
inequality. The equality holds when A = (m). 

Let \R l \ = xi. Then J2 x i = d. In the above inequalities, all equality hold 
when the corresponding partition is of length 1. So the degP^ — 1 is 

3 



^ ^ — - d + (xix 2 + X 2 X 3 + X3X1) 



1=1 

d 2 -3d 



The coefficient of the highest degree in P% is the number of the non-negative 
integer solutions of x\ + X2 + £3 = d multiplied by (— l) d , which is (d + 
l)(d + 2). 

We do the similar calculation and get the degree of pj\ k \. The coeffi- 

(d,rn) 

cient of the highest order term is the number of non-negative integer solu- 
tions of x\ + £3 + kx4 = m, X2 + X4 = d multiplied by (— l) dk , which is 
( -grffc (<*+!) (ro+l-fcrf) 

Now we can easily verify the theorem by adjunction formula and Hirzebruch- 
Riemann-Roch theorem. □ 



Appendix A. 
Theorem A.l. J27=i a * = a > P ^ s P r i me > r >1. Then 

r )-( r-1 pT ' la r 1 ) - mod (p*) 

p ai,- • • ,p r a n J \p" l a 1 ,--- ,p r L a n J 
Lemma A.l. p is prime, r > 1. T/ien 
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Proof. 



p a 



•n r h I ~n pTb ( a - b )p r + k 

p °J _ llfc=l k 



p r ~ lfl ^ U P k~i b (a ~ fe)p fc r ~ 1+fc 



f- l b 



n(a - b)p r + k 
h 



gcd(fc,p)=l,l<fc<p r 6 



n 



gcd(fc,p)=l,l<fc<p r 6 



= l+p r (a-b) ^2 \ mod (p 2r ) 

gcd(k,p)=l,l<k<p r b 

Let A p (n) = Ei<fc<n,gcd(fc,p)=i I- Therefore the proof of the lemma is com- 
pleted by showing A p (p r b) = for some c, d such that gcd(d,p) = 1. 
If gcd(k,p) = 1, there exist a^, j3k such that 

Ukk + I3 k p r = 1 

Let B p (n) = Ei<fc<n,gcd(fc,p)=i Then by the above formula 
A p (p r b) = 6^,(p r ) mod(p r ) 
ee bB p (p r ) mod (p r ) 



And 



k=l k=l 

p r (p r + l) p^ip^ + l) 

= 2 P 2 

p^ip-l) 
2 

2r — 1 > r since r > 1. The proof is completed. □ 

Now, let's turn to the proof of Theorem lA.il 
Proof. 

pa \ ( p a 



/''".!■••• l>'a n J \p r Vl,-- - ,p r 1 a f 

p r ( a - Eti oiA _ rr ( p r_1 ( a - Eti 1 a 



n " la -^r"" -n 



-r-1. 



fe=1 v P «* / fe ti V P 
ee mod (p r ) 

In the last step, we have used Lemma lA.ll The proof is then completed. □ 
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